Abstract. Two-dimensional, small-scale forced turbulent flows on the surface of a rotating sphere, along with the familiar Rossby-Haurwitz waves, reveal a new class of waves termed zonons. The zonons form non-dispersive wave packets that propagate in the westward direction with the velocity equal to the phase speed of the most energetic Rossby-Haurwitz wave. Zonons preserve their identity even after the forcing is switched off and the flow undergoes structural reorganization. Zonons reside in locations with the maximum meridional shear and are engaged in strong energy exchange with the mean flow. These physical properties of zonons point to their identity with Rossby solitary waves. The symbiosis between the mean flow and the solitary waves plays an important role in the large-scale dynamics.
INTRODUCTION
A two-dimensional (2D), small-scale forced turbulent flow on the surface of a rotating sphere presents a simple model of a large-scale circulation in planetary atmospheres and oceans. One of the attractive features of this relatively simple system is its ability to highlight the complicated interaction between anisotropic turbulence and dispersive Rossby-Haurwitz waves (RHWs) [1] . If this system features external energy source acting on relatively small scales, the ensuing flow develops inverse energy cascade sending the energy to ever larger scales. If a large-scale drag is present, the flow attains statistically steady state. In a certain range of governing parameters, the regime of zonostrophic turbulence [2] is established; it is at the focus of the present study. This regime is distinguished by strong anisotropy and the presence of non-dispersive nonlinear waves termed zonons [3] which exist in addition to the linear RHWs. This paper extends investigation of zonons' properties and shows that they have attributes of the solitary Rossby waves [4] .
The next section provides mathematical formulation of the problem and elaborates on the physical nature of the regime of zonostrophic turbulence. Then, the existence and the features of the zonons will be discussed followed by the elucidation of the connections between the zonons and the Rossby solitary waves. The last section provides discussion and conclusions.
THE REGIME OF ZONOSTROPHIC TURBULENCE
Large-scale atmospheric and oceanic circulations feature complicated dynamics some of the basic characteristics of which can be captured by a simple model considering 2D turbulence on the surface of a rotating sphere. For instance, such model can replicate various aspects of the interaction between turbulence and Rossby-Haurwitz waves and ensuing anisotropization of the flow characteristics [5, 6, 7, 8] . When a small-scale forcing and a large-scale drag are present, the flow attains a statistical steady state described by the barotropic 2D vorticity equation,
where ζ is the vorticity; ψ is the stream function, ∇ 2 ψ = ζ ; f = 2Ω sin θ is the Coriolis parameter; Ω is the angular velocity of the sphere's rotation; θ is the latitude, φ is the longitude; ν is the hyperviscosity coefficient; p is the power of the hyperviscous operator (p = 4 in this study), and λ is the linear friction coefficient. The scale at which the upscale energy flux is absorbed by the large-scale friction is associated with the friction wave number, n fr . The scales for which n < n fr are dominated by the drag. The smallscale forcing, ξ , acting on the scales around n −1 ξ , supplies energy into the system at a constant rate. Part of this energy becomes available for the inverse cascade at a rate ε. The Jacobian, J(ψ, ζ + f ), where J(A, B) = (R 2 cosθ ) −1 (A φ B θ − A θ B φ ) and R is the radius of the sphere, represents the nonlinear term.
It is convenient to use the spherical harmonics decomposition for the stream function in Eq. (1) . Setting the basic units such that R = 1 eliminates the difference between the indices of the spherical harmonics and wave numbers. The decomposition takes the form
where Y m n (sin θ , φ ) are the spherical harmonics, and n and m are the meridional and zonal wave numbers, respectively, and N is the truncation index.
It is well known that without forcing and damping, Eq. (1) conserves the potential vorticity [9, 10] ,
The restoring force generated by the conservation of P acts to keep fluid parcels along the lines of constant latitude. Once displaced from these lines, the parcels begin to oscillate around these lines giving rise to linear RHWs whose dispersion relation is [10, 11] ω R (n, m) = −2 β m n(n + 1) ,
where β = Ω/R. Equation (4) is consistent with a β -plane approximation format [9, 12, 13, 11] . Equation (1) with the decomposition (2) was used for numerical investigation of various aspects of the nonlinear dynamics. The details of the numerical scheme are given in [3] .
Following [14, 15] , the energy spectrum is given by
where the modal spectrum, E (n, m), is the spectral energy density per mode (n, m), and the angular brackets indicate an ensemble or time average. The spectrum E(n) can be decomposed into a sum of the zonal and nonzonal, or residual components,
, where the zonal spectrum is E Z (n) = E (n, 0). With no rotation, the large-scale behavior of the system is characterized by the locations of n fr and n ξ . Within the interval (n fr , n ξ ) known as the Kolmogorov inertial range or, simply, the energy range, the flow is isotropic, independent of friction and forcing, and its kinetic energy spectrum depends on ε and n only yielding the classical Kolmogorov-Kraichnan (KK) expression for the energy range of 2D turbulence [16, 17] ,
where C K 6 is the Kolmogorov-Kraichnan constant.
The presence of a β -term in (1) stipulates a new scale determined by the transitional wave number, n β = 0.5(β 3 /ε) 1/5 . At this scale, the period of RHWs is equal to the turbulent eddy turnover time corresponding to the isotropic KK regime with no rotation. If n β < n ξ , n β splits the inertial range on two subranges, (n β , n ξ ) and (n fr , n β ). In the former, the influence of a β -effect and, thus, the dependence on β are weak and the flow behaves largely like the classical KK turbulence. In the latter, the effect of a β -term is strong thus causing the flow to be dominated by RHWs and growing anisotropy.
The presence of β causes nontrivial modifications to the spectral properties of the flow. As elaborated in [8] , the friction wave number now depends on λ , β , and ε, i.e.,
An additional characteristic of rotating 2D turbulence with a β -effect is the Rhines's wave number [6, 18] ,
Since in a steady state, the total kinetic energy of the flow, E = U 2 /2, is related to the forcing, ε, and the linear drag coefficient,
one infers that, similarly to n fr , n R is also a function of λ , β , and ε, i.e.,
According to the Buckingham Π-theorem, a system characterized by three dimensional parameters, λ , β , and ε, admits one non-dimensional parameter. Chosen as the measure of the width of the range (n fr , n β ), i.e.,
Π delineates different possible flow regimes in the system [19, 8, 1] . Flow anisotropy increases with growing Π. For Π 2.5, the spectral characteristics inside this range acquire universal scaling properties whereas in addition to the KK variables n and ε, there is also dependence on β . The anisotropic flow regime for Π 2.5 is known as zonostrophic turbulence and the range (n fr , n β ) has been coined zonostrophic inertial range [20, 2, 1] . As shown in [8] , n fr n R in the zonostrophic regime. The use of n R is somewhat more preferable because it is easier to diagnose. The non-dimensional parameter based upon n R instead of n fr ,
is known as the zonostrophy index [8, 1] . The physics of the anisotropization was studied in [21] where two-dimensional spectral energy transfer in the presence of a β -effect was calculated from direct numerical simulations on a β -plane. It was found that the inverse energy cascade becomes anisotropic with increasing amount of energy funneled into the zonal modes on increasing scales. Energy accumulation in the zonal modes leads to the steepening of the zonal energy spectrum while the non-zonal spectrum remains close to the classical KK distribution. Simulations on the surface of a rotating sphere described in [12] yielded similar spectra,
where (12b) is congruent to the isotropic KK spectrum (6) . The zonal and residual spectra intersect at the transitional wave number n β . Figure 1 provides schematic description of the regime of zonostrophic turbulence. Note that the zonal spectrum preserves its slope (12a) for n n β thus projecting spectral anisotropy outside the zonostrophic inertial range.
In the physical space, the zonal modes represent the alternating zonal (east -west) jets such that the flow in the regime of zonostrophic turbulence appears as a system of alternating zonal jets whose intensity increases with increasing R β . In [22, 23] it was argued that the genesis and maintenance of the zonal jets in the atmospheres of the giant planets and in the terrestrial oceans are manifestations of the regime of zonostrophic turbulence.
ROSSBY-HAURWITZ WAVES AND NONLINEAR WAVES -ZONONS
Even though the linearized Eq. (1) admits RHWs solutions, it is unclear a priori how the behavior of these waves is modified in a fully nonlinear system. To detect waves and appraise wave-turbulence interaction, it is convenient to consider the space-time Fourier transform of the two-point velocity correlation function, show the zonal and residual spectra, E Z and E R , given by Eqs. (12a) and (12b), respectively. They intersect at the transitional wavenumber n β . The steepening of the zonal mode, E (0, n), extends to the wave number n z at which the flow becomes fully isotropic [19] . On the large scales, n < n fr , both zonal and residual spectra flatten out under the action of the large-scale drag.
where ψ m n (ω) is the time Fourier transform of the spectral coefficient ψ m n (t) in Eq. (2). With n and m fixed, the remaining function U (ω) has symmetric bell shape around a zero frequency in pure 2D turbulence with no waves. When waves are present, peaks in U (ω) yield the dispersion relation ω(n, m). More details on the use of the correlator (13) to diagnose dispersion relations for waves in linear and nonlinear systems can be found in [1] . Figure 2 shows plots of the velocity correlator for a large-scale friction dominated flow with R β = 1.55 [3] . The large-scale modes are populated by narrow spikes corresponding to linear RHWs. A strong wave signature is present even on scales with n/n β > 2. On the smallest scales, the wave peaks are significantly broadened by turbulence. Even though the system is strongly nonlinear and the energy spectrum reveals well developed turbulence [3] , the flow features linear RHWs with no frequency shift. This is a nontrivial and somewhat counter-intuitive result. Note that in a linear system, the excitation of every RHW would require a specific periodic source. In the nonlinear framework, however, all possible RHWs emerge from the random small-scale noise.
With increasing R β , the nature of the flow changes, and at R β 2.5 the regime of zonostrophic turbulence is established. Figure 3 shows the kinetic energy spectra for this regime as obtained in direct numerical simulations [3] . This flow will be used in the analysis throughout this section. Evidently, the non-zonal spectral modes steepen above the KK modal spectrum and as a result, the residual spectrum steepens over the KK spectrum (12b). The kinetic energy density peaks in the small n modes yet unaffected by the large-scale drag. These modes harbor the most energetic RHWs in the system. Figure 4 displays U (ω, n, m) for this regime (R β = 2.6). One can see that along with the linear RHWs, the system now features a new class of waves not present in the linear formulation. Frequencies of these waves, ω z (n, m), differ from the RHW frequencies (4) Figure 3 . The kinetic energy spectra for a zonostrophic regime (n R = 6.2, n β = 16.0, R β = 2.6). The thick gray and black solid lines show the zonal and nonzonal spectra, E Z (n) and E R (n), respectively, while the thin lines show the modal spectra, E (n, m). The values of m are shown near the lines. The dashed straight lines correspond to Eqs. (12a), (12b) and modal KK spectrum.
implying that they are an entity completely different from RHWs. In [3] , these waves have been coined zonons and their appearance was traced to nonlinear interactions.
As evident from Fig. 4 , zonons' frequencies, ω z , are equal to the frequencies of the most energetic RHWs (those with n def = n E = 5) that excite the zonons. Since ω R ∝ m, same is true for the zonons, i.e., ω z ∝ m. Therefore, zonons' phase speed, c = ω z /m, is also independent of n such that c = ω R (n E , m)/m = const, i.e., zonons form nondispersive wave packets moving westward with the phase speed of RHW with n = 5.
To highlight the propagation of zonons in the physical space, a Hovmöller diagram technique will be used. The diagram axes are longitude or latitude and time and the variable is a stream function of the velocity relative to the zonal flow; its values are represented by colors. The slopes of lines of the same color disclose speeds of the propagating structures i.e., packets of zonons, relative to the zonal flow. Figure 5 presents Hovmöller diagrams for zonostrophic turbulence with and without forcing.
The diagram in Fig. 5 (a) reveals westward propagation of zonons and confirms that their speed is equal to the phase speed of RHW with n = 5. The same result was obtained at other latitudes (not shown) thus confirming that the westward propagating eddies can indeed be identified with zonon packets moving with a constant speed relative to the zonal flow. The diagram in Fig. 5(b) shows that the meridional velocity of zonons' propagation is zero. Also, Figs. 5(b),(c) and (d) combined indicate that zonons reside in areas where the zonal velocity develops strong shear. Figures 5(e-h) display similar results for the same flow 22000 days after switching off the forcing and the large-scale drag. In this case, the energy of RHWs decreases while zonon packets remain energetic and become dominant feature of the flow.
In summary, zonons form long-living wave packets located between jets in regions of strong shear. One may therefore hypothesize that two adjacent jets act as a waveguide for these wave packets. In other words, the strong shear focuses the waves and, thus, prevents their dispersion. Such interaction between shear and wave packets is typical of solitary waves [see, e.g., 4]. To explore this conjecture we evaluated the mean energy flux from non-zonal fluctuations to mean zonal flow,
where · , denote averaging in time and along latitude θ ; u is the zonal velocity; u = u − u is its fluctuating part, and v = v is the meridional velocity as v = 0. To analyze the contribution to W from different scales, it is convenient to introduce the variable wave number cutoff, n c , and compute the energy flux, W < , from all the modes with n < n c to the mean flow. This flux is calculated by replacing u v by u v n c in (14) , where · n c means that the product inside the brackets is calculated with the modes n > n c discarded. In other words, these small fluctuating scales have been filtered out. The flux from the small scale modes with n > n c to the mean flow is then defined as Figure 6 (b) shows the energy flux W < from modes n < n c to mean flow normalized with ε. One can see that the energy transfer is a non-monotonous function of n c as for n c n R , the zonal flow receives the energy and for n c 12, the zonal flow loses energy to non-zonal structures which are dominated by zonons. One can interpret this result as the energy exchange between different waves within the wave packet via virtual exchange with the zonal flow. This exchange results in the focusing of the packet of zonons making it to appear as a solitary wave. The symbiosis of zonal flows and waves seems to be inherent to the large-scale dynamics of zonostrophic turbulence.
ROSSBY SOLITARY WAVES
Rossby solitary waves have been described in [4] using the β -plane reduction of (1) expanded locally around a latitude θ 0 , in the absence of any forcing and damping. Briefly, they are obtained from the asymptotic expansion
Here y = R(θ − θ 0 ), x = R cosθ 0 φ , and ε is a small parameter introduced to measure nonlinearity and long-wave dispersion. The background zonal flow is U (y), while the modal function Φ(y) satisfies the modal equation
and here, for simplicity, the waves are confined to a channel with rigid boundaries at y = 0, L. This is an eigenvalue problem, which determines both Φ(y) and the linear long wave speed c 0 . The wave amplitude A(X, T ) satisfies the Korteweg-de Vries (KdV) equation, see [4] ,
This has the well-known solitary wave solution
It is beyond the scope of this present article to attempt a close comparison between the solitary Rossby wave (20) and the zonons found in the numerical simulations, and described above. However, it is pertinent to note that KdV solitary waves once formed, are very robust, and will survive for long times without any forcing, a notable feature of the zonon solutions. For Rossby solitary waves, the shear of the background zonal flow is essential for their existence, as if U is a constant the nonlinear coefficient µ in (19) is zero, and then the crucial nonlinearity of the KdV equation disappears. Further, as |µ| increases vis-a-vis |δ |, nonlinearity is enhanced over dispersion, and the expressions (19) indicate that in general this can be achieved with enhanced shear. This leads to the expectation that strong shear will enable large-amplitude solitary waves to form. The latitudinal stucture of the Rossby solitary wave is determined by the modal function Φ(y), found from the modal equation (17) . In general this is solved numerically, but it is apparent from the structure of this equation that Φ(y) can be expected to inherit the structure of U (y) at least qualitatively. This feature is very apparent in Figure 5 for the zonon solutions, where also we see that the zonon amplitudes are well correlated with the shear of the zonal flow. These features, combined with the long-lived existence of the zonons when the forcing and damping are turned off, strongly suggest that they can be interpreted as Rossby solitary waves riding on the already formed and strongly sheared zonal flow.
DISCUSSION
This paper demonstrates that 2D turbulence on the surface of a rotating sphere features both linear Rossby-Haurwitz and nonlinear non-dispersive waves. The latter waves form packets that propagate in the westward direction with the speed of the most energetic Rossby-Haurwitz waves relative to the mean flow. Conventional consideration of Rossby solitary waves pertains to long waves in weakly nonlinear limit but in this study, the solitary waves emerge in a system with strong nonlinearity. We believe that this framework is more realistic and better reflects physical processes that take place in natural systems. There exists intense energy exchange between zonons and the zonal flow that on the one hand, plays an important role in maintaining this flow and on the other, leads to zonons' focusing as non-dispersive wave packets. The analysis given in the last section provides a brief description of the Rossby solitary waves within the KdV framework. This approach is rather simplified as it operates with a weakly nonlinear equation in the approximation of a β -plane and utilizes artificial channel boundary conditions. In order to validate the applicability of the KdV equation to the problem at hand, future research should consider solving this equation numerically in full spherical geometry using velocity profiles obtained in numerical simulations replicating the zonostrophic regime. The results of such studies will help to establish whether or not the symbiosis between zonons and the mean flow can indeed be captured within the KdV framework. Potentially, this research will help to understand whether or not the regime of zonostrophic turbulence is behind the existence of the Great red spot on Jupiter [25, 26] , great spots on other planets [27] , and ubiquitous coherent non-dispersive eddies recently detected in the ocean with the help of satellite altimetry [28, 29, 30] .
